Abstract. We prove a uniqueness theorem for meromorphic functions sharing three weighted values which improves some existing results.
with multiplicities) whose multiplicities are not greater than p . By N (r, b; f |≤ p) we denote the corresponding reduced counting function.
In an analogous manner we define N (r, b; f |≥ p) and N (r, b; f |≥ p).
In 2004, X. M. Li and H. X. Yi [16] further worked on Theorem B and proved the following result. and one of the following cases holds: Following two examples show that in Theorem B the sharing of 0 and 1 can not be relaxed from CM to IM.
Example 1.1 ([10]). Let f = e
z − 1 and g = (e z − 1) 2 and a = −1. Then f , g share 0 IM and 1, ∞ CM. Also N (r, a; f ) ≡ 0 but Theorem B does not hold.
and a = 2. Then f , g share 1 IM and 0, ∞ CM. Also N (r, a; f ) ≡ 0 but Theorem B does not hold.
In view of above examples attempts have been made in [3] and [10] to improve Theorem B by relaxing the nature of value sharing. This was done with the aid of a notion of weighted value sharing, which measures how close a shared value is to be shared CM or to be shared IM. Definition 1.2 ( [7, 8] ). Let k be a nonnegative integer or infinity. For a ∈ C ∪ {∞} we denote by E k (a; f ) the set of all a-points of f , where an a-point of multiplicity m is counted m times if m ≤ k and k + 1 times if m > k. If E k (a; f ) = E k (a; g), we say that f, g share the value a with weight k.
The definition implies that if f , g share a value a with weight k, then z o is a zero of f − a with multiplicity m(≤ k) if and only if it is a zero of g − a with multiplicity m(≤ k) and z o is a zero of f − a with multiplicity m(> k) if and only if it is a zero of g − a with multiplicity n(> k), where m is not necessarily equal to n.
We write f, g share (a, k) to mean that f, g share the value a with weight k. Following result is an improvement of Theorem F.
then one of the following holds:
(i) f = a(1 − γ −1 ) and g = (a − 1)(γ − 1), where γ is a meromorphic function with N (r, 0; γ) + N (r, ∞; γ) = S(r, f ). If f , g share (1, ∞) and (∞, ∞), then γ is an exponential function. Further f , g share (0, ∞), (1, ∞), (∞, ∞) if and only if 1 − 1 a is an exponential function. (ii) f = a 1−γ(1−a) and g = a γ −1 −(1−a) , where γ is a meromorphic function with N (r, 0; γ) + N (r, ∞; γ) = S(r, f ). If f , g share (0, ∞) and (∞, ∞), then γ is an exponential function. Further f , g share (1, ∞), (∞, ∞) if and only if 1 − a is an exponential function. (iii) f = a(γ−1) aγ−1 and g = γ−1 aγ−1 ,
where γ is a meromorphic function with
N (r, 0; γ) + N (r, ∞; γ) = S(r, f ). If f , g share (1, ∞) and (∞, ∞), then γ is an exponential function. Further f , g share (0, ∞), (∞, ∞) if
and only if a is an exponential function.
Recently T. C. Alzahary [2] proved the following improved version of Theorem B.
Theorem H ([2]). Let f and g be two distinct non-constant meromorphic functions sharing
we see that in the above results the hypothesis N (r, a; f |≤ 2) = T (r, f ) + S(r, f ) can not be relaxed to N (r, a; f |≤ 1) = T (r, f ) + S(r, f ). So it is an interesting problem to investigate the situation when N (r, a; f |≤ 1) = T (r, f ) + S(r, f ). In the paper we deal with this problem and prove the following theorem.
Theorem 1.1. Let f and g be two distinct non-constant meromorphic functions sharing
(0, k 1 ), (1, k 2 ), (∞, k 3 ), where k 1 k 2 k 3 > k 1 + k 2 + k 3 + 2. If N (r, a; f |≤ 1) = T (r, f ) + S(r, f ) for some a( ≡ 0, 1, ∞) ∈ M f,g ,
then one of the following holds:
with λ p = 0, 1 and
with λ s = 0, 1 and 
However the possibility (V) does not arise if f , g share (0, ∞), (1, ∞) and (∞, ∞).
Lemmas
In this section we present some necessary lemmas. Hence we see that S(r, f ) = S(r, g) = S(r). The following lemma can be proved in the line of Lemma 2 of [9] .
Using Lemma 2.2, the following the lemma can be proved in the line of Lemma 4 of [10] . 
Lemma 2.3. Let f and g be two distinct meromorphic functions sharing
(0, k 1 ), (1, k 2 ), (∞, k 3 ), where k 1 k 2 k 3 > k 1 + k 2 + k 3 + 2. If α = f −1 g−1 and h = g f , then N (r, b; α) + N (r, b; h) = S(r) for b = 0, ∞.
Lemma 2.4 ([13]). Let f and g be two distinct meromorphic functions sharing (0, 0), (1, 0) and (∞, 0). If f is a bilinear transformation of g, then f and g satisfy one of the following:
where N 0 (r, 1; f 1 , f 2 ) is the reduced counting function of the common 1-points of f 1 and f 2 , T (r) = T (r, f 1 ) + T (r, f 2 ) and S(r; f 1 , f 2 ) = o{T (r)} as r → ∞ except possibly for a set of finite linear measure.
Using Lemma 2.3 the following the lemma can be proved in the line of Lemma 3.9 of [12] .
Lemma 2.6. Let f and g be two distinct non-constant meromorphic functions
Suppose further that f and g satisfy one of the following: If a ≡ a 1 or a ≡ a 2 , then N (r, a; f |≤ 2) = T (r, f ) + S(r, f ) and so by Theorem H and Lemma 2.6 one of (I), (II) and (III) of the theorem holds. If a ≡ a 1 and a ≡ a 2 , then by Nevanlinna's theorem on three small functions we get
Then one of (I), (II) and (III) of Theorem 1.1 holds.

Lemma 2.7 ([17]). Let f be a non-constant meromorphic function and R(f ) =
Hence we obtain N (r, a; f |≥ 2) = S(r, f ) and so N (r, a; f |≤ 1) = T (r, f ) + S(r, f ), a contradiction. Next we suppose that f is not a bilinear transformation of g. We put P = We see that
(1). Hence by Lemma 2.1 we get S(r) = S(r; f, g) = S(r; α, β).
Now by Lemma 2.3 we obtain
Hence T (r, P ) = S(r) and T (r, Q) = S(r). Let z 0 be a multiple zero of f − a which is not a zero of P , Q and P − Q. Then
We put 
, which is (i) of Theorem H. So by Lemma 2.6 we obtain (I) of the theorem.
implies by Nevanlinna's theorem on three small
So we suppose that T (r, α) = S(r) and T (r, β) = S(r). Therefore f 1 and f 2 are non-constant. Clearly S(r) = S(r; f, g) = S(r; α, β) = S(r; f 1 , f 2 ). Again for b = 0, ∞ we get
and
Also from (3.1) and (3.2) we see that
We first suppose that f 
This shows that
where E is a set of finite linear measure. Since ε(> 0) is arbitrary, we get
which is a contradiction. So N (r, a; f |≤ 2) = T (r, f ) + S(r, f ) and (I), (II) or (III) of the theorem follows from Theorem H and Lemma 2.6. We now suppose that there exist two integers s and t (| s | + | t |> 0) such that 
By logarithmic differentiation we get
Let sQ + tP ≡ 0. Then we obtain
On integration we get α ≡
, where A( = 0) is a constant. This implies
If s = t, then in view of (3.5) we can put s = t = 1. Again if s = t, then in view of (3.5) we can choose s and t to be mutually prime. From (3.5) we get on integration
where B( = 0) is a constant. If s + t = 0, then from (3.6) we see that T (r, h) = S(r). If h ≡ a −1 , then by Nevanlinna's theorem on three small functions we get
This shows that N (r, a; f |≤ 1) = T (r, f ) + S(r, f ), a contradiction. Hence h ≡ a −1 and so f ≡ ag, which is (iii) of Theorem H. So by Lemma 2.6 we obtain (III) of the theorem.
We now suppose that s + t = 0. If a is a constant, then from (3.6) we see that f , g share (0, ∞), (1, ∞) and (∞, ∞). So by Theorem C we obtain (IV) of the theorem. Now we suppose that a is non-constant. However we note that this possibility does not arise when f , g share (0, ∞), (1, ∞) and (∞, ∞). For, then α and β become exponential functions and so from (3.6) we see that 0, 1, ∞ are Picard exceptional values of a, which is impossible.
We put X = α 1−a , Y = a 1−a β and γ t = X. Since from (3.6) we get X s Y t ≡ B, by Lemma 2.8 we see that γ is a single valued meromorphic function. Also by Lemma 2.3 we get N (r, 0; γ) + N (r, ∞; γ) = S(r). Then putting λ t = B we obtain
We consider the following two cases.
Case I. Let t > 0 and s < 0. We put p = t and q = −s. Then p and q are two distinct mutually prime positive integers and
If the equation Since µ = 0, from (3.9) and (3.10) we get
.
If µ is a root of (3.8) with multiplicity ≥ 3, then
From (3.10) and (3.12) we get p = q, a contradiction. So the equation (3.8) does not have any root of multiplicity ≥ 3.
If µ 1 and µ 2 be two double roots of (3.8), then by (3.11) we get µ 
